3
A1 Either a property or its negation is positive, but not both:
∀φ[P (¬φ) ↔ ¬P (φ)] A2 A property necessarily implied by a positive property is positive: ∀φ∀ψ[(P (φ) ∧ ∀x[φ(x) → ψ(x)]) → P (ψ)] T1 Positive properties are possibly exemplified:
∀ϕ[P (ϕ) → ♦∃xϕ(x)] D1 A God-like being possesses all positive properties:
The property of being God-like is positive: P (G) C Possibly, God exists:
♦∃xG(x) A4 Positive properties are necessarily positive:
∀φ[P (φ) → P (φ)] D2 An essence of an individual is a property possessed by it and necessarily implying any of its properties: φ ess. x ↔ φ(x) ∧ ∀ψ(ψ(x) → ∀y(φ(y) → ψ(y))) T2 Being God-like is an essence of any God-like being:
Necessary existence of an individual is the necessary exemplification of all its essences:
Necessary existence is a positive property: P (NE ) T3 Necessarily, God exists:
Scott's version of Gödel's proof has now been analysed for the first-time with an unprecedent degree of detail and formality with the help of theorem provers; cf.
[17]. The following has been done (and in this order):
-A detailed natural deduction proof.
-A formalization of the axioms, definitions and theorems in the TPTP THF syntax [20] .
-Automatic verification of the consistency of the axioms and definitions with Nitpick [8] .
-Automatic demonstration of the theorems with the provers LEO-II [5] and Satallax [9] .
-A step-by-step formalization using the Coq proof assistant [6] .
-A formalization using the Isabelle proof assistant [16] , where the theorems (and some additional lemmata) have been automated with Sledgehammer [7] and Metis [15] .
Gödel's proof is challenging to formalize and verify because it requires an expressive logical language with modal operators (possibly and necessarily) and with quantifiers for individuals and properties. Our computer-assisted formalizations rely on an embedding of the modal logic into classical higher-order logic with Henkin semantics [4, 3] . The formalization is thus essentially done in classical higher-order logic where quantified modal logic is emulated.
In our ongoing computer-assisted study of Gödel's proof we have obtained the following results:
-The basic modal logic K is sufficient for proving T1, C and T2.
-Modal logic S5 is not needed for proving T3; the logic KB is sufficient.
-Without the first conjunct φ(x) in D2 the set of axioms and definitions would be inconsistent.
-For proving theorem T1, only the left to right direction of axiom A1 is needed. However, the backward direction of A1 is required for proving T2.
This work attests the maturity of contemporary interactive and automated deduction tools for classical higher-order logic and demonstrates the elegance and practical relevance of the embeddings-based approach. Most importantly, our work opens new perspectives for a computerassisted theoretical philosophy. The critical discussion of the underlying concepts, definitions and axioms remains a human responsibility, but the computer can assist in building and checking rigorously correct logical arguments. In case of logico-philosophical disputes, the computer can check the disputing arguments and partially fulfill Leibniz' dictum: Calculemus -Let us calculate!
